Abstract. In this paper we give an elementary proof of the fact that every uniquely remotal set is singleton in a finite dimensional strictly convex normed linear space. We show that if A is a uniquely remotal M-compact subset with A ′ = ∅ then A ′ is M-compact and uniquely remotal. We also show that if A is a uniquely remotal M-compact set and A ′ is compact then A is singleton.
Introduction.
Let (X, . ) be a normed linear space and A be a nonempty bounded subset of X. For any x ∈ X, the farthest distance of x from the set A is denoted by D(x, A) i.e., D(x, A) = sup a∈A x − a .
The farthest distance of x from A may or may not be attained by some element of A, if the distance is attained then the collection of all such points of A is denoted by F (x, A) i.e., F (x, A) = {a ∈ A : x − a = D(x, A)}. The collection of all points in A for which the farthest distance of x from A is attained for some x ∈ X is denoted by F ar(A) i.e., F arA = {a ∈ A : a ∈ F (x, A) for some x ∈ X}.
We say that A is remotal if F (x, A) is non-empty for each x ∈ X and A is said to be uniquely remotal if F (x, A) is singleton for each x ∈ X.
The Farthest Point Problem (FPP) can now be stated as follows :
Must every uniquely remotal set in a Banach space be singleton?
The FPP was proposed by Motzkin, Starus and Valentine in [3] , in context of the Euclidean space E n . The problem was considered in the setting of Banach spaces by Klee in [2] , where he proved that every compact uniquely remotal subset of a Banach space is a singleton. In [1] , Asplund solved the FPP in the affirmation in any finite dimensional Banach space with respect to a norm which is not necessarily symmetric. The method employed by the Asplund to prove this profound result involves convexity calculus and is quite astounding. In this paper we wish to give a simple proof of the fact that in finite dimensional strictly convex Banach spaces every uniquely remotal set is a singleton.
The notion of M-compactness in normed linear spaces plays a significant role in the study of the FPP. A ⊆ X is said to be M-compact if every maximizing sequence in A is compact. A sequence {a n } in A is said to be maximizing if for some x ∈ X, x − a n → D(x, A). It is easy to observe that M-compactness is a proper generalization of the usual compactness and M-compact sets may not be closed in a Banach space. M-compact sets in Banach spaces were considered by Vlasov in [5] . Panda and Kapoor utilized the concept of M-compactness in the study of FPP in [4] .
In this paper we aim to further explore the importance of the notion of Mcompactness in the study of the FPP. In fact we prove several results to illustrate the vital role played by the notion of M-compactness in determining the metric geometry of the underlying normed linear space in the context of the FPP. It is easy to see that [4] if A is M-compact then A is M-compact but converse is not true. In this paper we show that if in addition A is uniquely remotal then converse holds in strictly convex normed linear spaces i.e., if A is M-compact then A is M-compact in a strictly convex normed linear space. In this paper, we prove that in a normed linear space X, if A is uniquely remotal and M-compact subset of X, then the derived set A ′ , is either empty or uniquely remotal and M-compact. Panda and Kapoor proved in [4] that in a normed linear space admitting centers, every uniquely remotal M-compact set is a singleton. Here we proved that if A is a uniquely remotal and M-compact subset of a Banach space X and A ′ is compact then A is a singleton.
Main Results.
In this section we first show that in a strictly convex normed linear space, closure of a uniquely remotal set is uniquely remotal and use it to give an easy proof of the fact that every uniquely remotal set in a finite dimensional strictly convex normed linear space is singleton. It is still unknown whether closure of a uniquely remotal set in any normed linear space is uniquely remotal. Theorem 2.1. Let X be a strictly convex normed linear space. If A ⊆ X is uniquely remotal then A is also uniquely remotal.
Proof. As A is uniquely remotal and we know that, for any x ∈ X, D(x, A) = D(x, A), so for any x ∈ X, there exists a ∈ A such that x − a = D(x, A) and a ∈ A ⊆ A. So, A is remotal. Suppose, A is not uniquely remotal, then there exists x 0 ∈ X such that, F (x 0 , A) is not singleton, i.e. there exists w 0 ∈ A \ A and unique a x0 ∈ A such that x 0 − w 0 = sup
Now, if z 0 , x 0 and a x0 are non co-linear then (z 0 − x 0 ) and (x 0 − a x0 ) are linearly independent. Then,
Suppose, z 0 , x 0 and a x0 are co-linear. As, z 0 = (1 − t 0 )w 0 + t 0 x 0 , so, x 0 , a x0 and w 0 are co-linear and we know x 0 −w 0 = x 0 −a x0 . So, we must have w 0 = 2x 0 −a x0 . Now,
So, from (1), (2) and (3) we have z 0 − w 0 > z 0 − a for all a ∈ A. As A is uniquely remotal so there exists a z0 ∈ A such that z 0 − w 0 > z 0 − a z0 , which contradicts the fact that D(z 0 , A) = D(z 0 , A). So, our first assumption is wrong and A is uniquely remotal.
Theorem 2.2. Let X be a finite dimensional strictly convex normed linear space. If A ⊆ X is uniquely remotal then A is singleton.
Proof. By Theorem 2.1, A is uniquely remotal. As X is finite dimensional, A is compact. Then by Klee's result in [2] , A is a singleton, which implies that A is singleton.
In a normed linear space the closure of a M-compact set A is M-compact but the converse is not true. Next we show that the converse holds if the space is strictly convex and the set A is uniquely remotal. Theorem 2.3. Let X be a strictly convex normed linear space. If A ⊆ X be uniquely remotal and A is M-compact then A is M-compact.
Proof. Since X is a strictly convex normed linear space and A ⊆ X is uniquely remotal, A is uniquely remotal, by Theorem 2.1. Suppose A is not M-compact then there exists a maximizing sequence {x n } ⊆ A such that {x n } has no convergent subsequence. Since {x n } is maximizing sequence in A, there exists x 0 ∈ X such that lim
is uniquely remotal, there exists a x0 ∈ A such that x 0 − a x0 = D(x 0 , A). So we have x 0 − a x0 = D(x 0 , A) = D(x 0 , A) = x 0 − w 0 , which contradicts the fact that A is uniquely remotal. Thus A is M-compact.
We next show that if A is a uniquely remotal M-compact subset such that F arA ⊆ A ′ then A is singleton.
Theorem 2.4. Let X be a normed linear space. If A ⊆ X is uniquely remotal and M -compact and F arA ⊆ A ′ then A is singleton.
Proof. As F arA ⊆ A ′ . So there exists a 0 ∈ F arA \ A ′ . As A is uniquely remotal so there exists x ∈ X such that x − a 0 = sup{ x − a : a ∈ A}. Consider the set C = {0 ≤ t ≤ 1 : a 0 is a farthest point for (1 − t)a 0 + tx} Clearly C = φ as 1 ∈ C.
We claim that inf C > 0 otherwise a 0 is farthest point of itself which implies A is singleton. Suppose inf C = t 0 > 0. consider x 0 = (1 − t 0 )a 0 + t 0 x. We claim that there exists ǫ 0 > 0 such that x 0 − a < x 0 − a 0 − ǫ 0 ∀ a ∈ A \ {a 0 }.
If not then there exists {a n } ⊆ A \ {a 0 } such that x 0 − a n → x 0 − a 0 = D(x 0 , A). So {a n } is maximizing sequence for x 0 . Since A is M-compact there exists {a n k } ⊆ {a n } such that a n k → a ′ . Since a 0 is not a limit point of A, a ′ = a 0 . This contradicts the fact that A is uniquely remotal. Now consider, (1 − t)a 0 + tx 0 − a where a ∈ A \ {a 0 } and t ∈ [0, 1] Now,
Now, consider the mapping
Clearly f is continuous and f (1) = ǫ 0 > 0. So there exists δ > 0 such that f (t) > 0 for all t ∈ (1−δ, 1+δ). So there exists at least one
Which contradicts the fact inf C = t 0 > 0. So inf C = 0 i.e. a 0 is a farhest point of itslf. So A is singleton.
Now we show that if A is a uniquely remotal M-compact subset with
′ is M -compact and uniquely remotal.
Theorem 2.5. Let X be a normed linear space. If A ⊆ X is uniquely remotal and M -compact then A ′ is either empty or A ′ is M -compact and uniquely remotal.
, so for each n ∈ N there exists a n ∈ A such that a n − a
We next show that D(x, A ′ ) ≥ D(x, A) for all x ∈ X. Since A is uniquely remotal, for each x ∈ X there exists a x ∈ A such that
For each x n ∈ A ′ there exists a n ∈ A such that x n − a n < 1/n for all n ∈ N. Now,
x − a n = x − x n + x n − a n ≤ x − x n + x n − a n < x − x n + 1/n. So, lim n→∞ x − a n ≤ lim n→∞ x − x n . Again, x − x n = x − a n + a n − x n ≤ x − a n + x n − a n < x − a n + 1/n. so, lim n→∞ x − x n ≤ lim n→∞ x − a n . So,
. Thus {a n } is maximizing in A for x ∈ X. As A is M-compact, so {a n } has a convergent subsequence {a n k } converging to a 0 (say) in A. Since x n − a n < 1/n for all n ∈ N, the subsequence {x n k } of sequence {x n } converges to a 0 in A ⊂ A ′ . Thus every maximizing sequence in A ′ has a convergent subsequence and so A ′ is M-compact. Finally we prove that A ′ is uniquely remotal. As D(x, A) = D(x, A ′ ) and A is uniquely remotal, so A ′ is remotal. Suppose that A ′ is not uniquely remotal, then there exists
As a 1 , a 2 ∈ A ′ , so there exists {x n } ⊆ A and {y n } ⊆ A such that x n → a 1 and y n → a 2 , as n → ∞. So, lim
. So, {x n } and {y n } are maximizing sequence for x 0 in A. SinceA is M-compact {x n } and {y n } have convergent subsequences in A which implies that a 1 , a 2 ∈ A -this contradicts the fact that A is uniquely remotal. Thus A ′ is uniquely remotal.
Finally we show that if A is a uniquely remotal M-compact set and A ′ is compact then A is singleton. Theorem 2.6. Let X be a Banach space. If A ⊆ X is uniquely remotal and M -compact and A ′ is compact then A is singleton.
Proof. To prove this theorem we need the following two lemmas:
Lemma 2.1. Let X be a normed linear space. If A ⊆ X is uniquely remotal and M-compact then F arA = {a ∈ A : a is a farthest point for some x ∈ X} is M-compact.
Proof. Let {a n } be a maximizing sequence in F arA. So there exists x ∈ X such that lim n→∞ x − a n = D(x, F arA) = D(x, A). So {a n } is maximizing sequence for x in A. As A is M-compact, so {a n } has a convergent subsequence {a n k }. As A is uniquely remotal, so a n k → a x ∈ A (say). Now, lim
Lemma 2.2. Let X be a normed linear space. If A ⊆ X is uniquely remotal and M-compact then A is uniquely remotal.
Proof. As D(x, A) = D(x, A) ∀x ∈ X and A is uniquely remotal so A is remotal. Suppose A is not uniquely remotal, then there exists x 0 ∈ X such that F (x 0 , A) is not singleton. Let a 1 , a 2 ∈ A such that a 1 , a 2 ∈ F (x 0 , A). Since a 1 , a 2 ∈ A then there exists two sequences {x n } ⊆ A and {y n } ⊆ A such that x n → a 1 and y n → a 2 . Clearly {x n } and {y n } are maximizing sequences for x 0 in A, so {x n } and {y n } has convergent subsequences (as A is M-compact) which implies that a 1 , a 2 ∈ A and this contradicts the fact that A is uniquely remotal. Thus A is uniquely remotal.
Proof of the theorem cont. If F arA ⊆ A ′ , then A is singleton by Theorem 2.4. Suppose F arA ⊆ A ′ . As A ′ is closed then F arA ⊆ A ′ . Since A ′ is compact, F arA is also compact. Also, A is uniquely remotal and M-compact. So by Lemma 2.1, F arA is M-compact. Also from definition F arA is uniquely remotal. Now by Lemma 2.2, F arA is uniquely remotal. As F arA is compact and uniquely remotal so F arA is singleton by Klee's result in [2] . Then A is singleton.
